The anharmonic soft modes studied in recent numerical work in the glass phase of simple liquids have an unstable core, stabilized by the positive restoring forces of the surrounding elastic medium. The present paper formulates an unstable core version of the phenomenological soft potential model for the low temperature anomalies of glasses, relates the soft potential parameters to the numerical findings and discusses experimental evidence for an unstable core of the boson peak modes. PACS numbers: 64.70.Pf, 77.22.Gm The low temperature properties of glasses around 1 K differ dramatically from those of simple crystals 1 . Below 1 K, two level states, coupling strongly to external shear and compression, dominate the heat capacity and the thermal conductivity 1,2 . Above 1 K, the vibrational spectrum shows a boson peak on top of the Debye density of sound waves 1,3 .
The anharmonic soft modes studied in recent numerical work in the glass phase of simple liquids have an unstable core, stabilized by the positive restoring forces of the surrounding elastic medium. The present paper formulates an unstable core version of the phenomenological soft potential model for the low temperature anomalies of glasses, relates the soft potential parameters to the numerical findings and discusses experimental evidence for an unstable core of the boson peak modes.
PACS numbers: 64.70.Pf, 77. 22.Gm The low temperature properties of glasses around 1 K differ dramatically from those of simple crystals 1 . Below 1 K, two level states, coupling strongly to external shear and compression, dominate the heat capacity and the thermal conductivity 1,2 . Above 1 K, the vibrational spectrum shows a boson peak on top of the Debye density of sound waves 1, 3 .
There are successful empirical models like the tunneling model 4 and its extension to include low barrier relaxations and soft vibrations, the soft potential model [5] [6] [7] [8] [9] . But what is tunneling or vibrating there, and why it couples so strongly to shear and compression, remains an open question.
The last four years brought two important new numerical developments. The first was a dedicated study of the localized vibrational soft modes in simple glasses [10] [11] [12] [13] [14] [15] [16] [17] with the vibrational density of states g(ω) ∝ ω 4 (ω frequency) predicted by the soft potential model [6] [7] [8] [9] and exhibiting the strong positive fourth order term χ 4 in the mode potential 10, 13, 17 which the soft potential model needs for a common description of tunneling states and vibrations. The second was the swap mechanism for simple liquids 18 , which enables the numerical cooling of simple liquids down to temperatures which are even lower than the glass temperature of real liquids. The application of the swap mechanism to undercooled liquids revealed the central role of the soft localized modes for the understanding of the mode coupling transition 19 and documented a strong decrease of the number of these soft modes in the glass phase with decreasing glass temperature 16 .
One of these new papers 14 corroborated an important earlier numerical result 20 , namely the finding of an unstable core of the soft vibrational modes. The size of these unstable cores explodes as one approaches the jamming transition at the pressure zero 14 . The small positive force constant of the resulting soft vibration is due to the compensation of the negative restoring force of the core by the positive restoring force of the stable surroundings.
The present paper formulates an unstable core version of the soft potential model, relates the soft potential parameters to the two numerical parameters, the participation ratio e and the fourth order term χ 4 (though only in an approximate way), and explains the puzzling temper-ature dependence of the boson peak in the glass phase of silica 21, 22 and of two polymers 23 in terms of an unstable core of the boson peak modes. At the boson peak, the negative force constant of the core is overcompensated by the positive restoring Eshelby 24 forces from the surrounding elastic medium. The Eshelby forces are due to the elastic deformation of the unstable core as it moves along the eigenvector of the soft mode.
The concept is taken from an Eshelby explanation of the boson peak in metallic glasses 25 , in which two gliding triangles, a six-atom core, freeze in the middle between two close-packing configurations (an octahedron and two edge-sharing tetrahedra) by the elastic restoring forces from the surroundings. In this case, the core deformation is a pure shear (see Fig. 1 ).
But the numerical results show that the real soft modes in simple liquids are larger than two gliding triangles. The core of the numerical data 20 contains not six, but about fifty atoms, in agreement with the number N e of ten to hundred atoms from the participation ratio e of the new numerical results. Also, one finds a string-like motion in the cores, observed first in numerical work on soft modes and low-barrier relaxations in the glass phase 26 and later in the flow processes at the glass transition 27 of simple liquids. The existence of strings suggests again a more extended core of these modes. Therefore the analysis 25 of the gliding triangle shear transformation to derive the parameters of the tunneling and the soft potential model will be generalized here to cases where the configurational coordinate of the transformation of the core of the mode is no longer a pure strain. Following 25 , we describe the two structural minima of the core by a cosine potential and the outer restoring forces by a quadratic term in the mode coordinate y
where it is already assumed that the zero point of the outside forces coincides with the top of the core barrier and that one has perfect cancellation of the harmonic inside and outside terms, leading to the approximation
in the neighborhood of y = 0. Note that the creation energy of the mode is 2v 4 , the height of the frozen saddle point for the core potential. The crossover energy W between tunneling states and vibrations in the soft potential model is the zero point energy in this quartic potential, determined by the equality of potential energy and kinetic confinement energy. To calculate the kinetic confinement energy, one needs to know how many atoms move in the mode. To characterize the atomic motion, let us consider the potential minima of the core at y 1 , y 2 = ±π, and denote by u i the displacement of atom i with the atomic mass M i from one of these minima to the other. For a given y, the atomic displacement | x i | = yu i /2π, so the normal coordinate A of the mode (defined by the kinetic energyȦ 2 /2) is given by
where the sum extends over all atoms in the sample. The normal coordinate relates the atomic displacement vector x i to the normalized eigenvector e i of the mode
According to the definitions of the soft potential model 8
where the left part defines y 0 by the equality of potential energy and kinetic confinement energy and leads to
and
It is not straightforward to relate the two energies v 4 and W to the two constants determined in numerical data, the number N e of atoms calculated from the participation ratio and the fourth order coefficient χ 4 in the mode potential. In order to get a feeling for the relations, let us first derive all four quantities for the gliding triangle 25 .
For a gliding triangle core, the creation energy is
(G shear modulus, V a atomic volume) as shown previously. But the earlier continuum approximation 25 for the kinetic energy of the core of mode will be replaced here by an atomic calculation, at least inside the core. Let us express the displacements in units of the atomic radius r a , where 2r a is the nearest neighbor distance. The atomic volume V a = 4πr 3 a /3p, where p = 0.637 is the random close packing of spheres 28 . The six inner atoms in Fig. 1 of the main paper move by the distance r a / √ 3 between the two structural minima, corresponding to a shear angle of 1/ √ 2. The six atoms occupy a sphere with radius r K = (6/0.637) 1/3 r a = 2.11r a . Outside, one has to assume a shear decreasing with 1/r 2 , where r is the distance from the center of the sphere. But the outer shear does not start with the shear angle between the two inner triangles at r K , but rather with the additional factor r 2 oct /r 2 K , where r oct = r a √ 2 is the distance of the six atoms from the center.
With this factor, the inner and outside kinetic energies are very nearly equal. This implies e 2 i = 1/12 for each of the six core atoms, and
Inserting this and v 4 into eq. (7), one finds the W of the gliding triangle
Calculating the contribution from the outside to the sum over ( e 2 i ) 2 , one finds 0.03, so from the participation ratio e the number N e of atoms participating in the mode is
For the normal coordinate A, the potential close to zero is χ 4 A 4 with
In the simulation units 10 , G = 14, V a = 1.22 (so r a = 0.57) and M = 1, so χ 4 = 49.9. Fig. 2 compares the calculated gliding triangle values N e and χ 4 to the numerical results 10 .
The gliding triangle values lie still within the distribution of the numerical data, but deviate from the average values. The participation ratio is a factor of three smaller, the fourth order term a factor of two. One cannot help wondering why these modes with a larger core and a larger fourth order term dominate over the gliding triangles, which have a relatively low creation energy of 2.67 k B T g (T g glass temperature) 25 .
In order to get at least a hazy idea for the reason, let us construct a brute-force relation between N e, χ 4 , and the creation energy 2v 4 of these modes making the following three simplifications, approximately valid for the gliding triangle (i) the core has N c = N e/2 atoms (ii) equal kinetic energy in the core and outside (iii) within the core, u i = u, i.e. all core atoms have the same displacement in the mode, though in different directions. With these simplifying assumptions
Since the numerical data 11,17 find χ 4 ∝ 1/N e, this implies that the creation energy 2v 4 of the soft modes increases linearly with the number of atoms in the core, a result which is not surprising. However, the creation energy of the soft modes does not only depend on N e, but also on u. The numerical soft modes have a larger average χ 4 than the gliding triangle (see Fig. 2 ), but must have a smaller u. Otherwise the very numerous gliding triangles with their low creation energy would dominate. One guesses this must be the physical reason for the occurrence of strings in the core of the soft modes. With the strings, a larger core might find a shorter way between two stable minima, with a lower barrier, than the six atoms of the gliding triangle.
From eq. (7), it follows that W is proportional to N −1/3 c . This means that the W -values have a much narrower distribution than N e, explaining why it is possible to describe heat capacity 6 and thermal conductivity 8 data of glasses at low temperatures with a single Wvalue.
Of course, W could be directly evaluated from the numerical data, without any approximation, because one only needs χ 4 and the eigenvector. The determination of the creation energy is not quite so easy, because one needs to determine the two energy minima of the frozen core. But it should still be attempted, because it is a central information.
There is a very recent important numerical result 17 , showing that one has double well potentials with a barrier density proportional to V
The work is based on an earlier ingenious characterization 11, 29 of the soft modes in terms of eigenvectors defined over the fourth and third terms of the mode potential. This characterization led to the surprising result that the eigenvectors defined over the fourth order term are very close to the usual second order ones, allowing one to get rid of the influence of the hybridization between localized modes and phonons.
In the soft potential model, the double well potentials are due to modes with a negative restoring force D 2 , as long as the absolute value of the linear potential coefficient D 1 stays below |D 2 | 3/2 /3 √ 6. For a constant density of modes in the D 1 , D 2 -plane, this leads again to a barrier density increasing with V 1/4 b . It has not yet been possible to check the validity of the prediction numerically, because it is not easy to search for neighboring energy minima in numerical work 17 . But the soft potential prediction has been checked many years ago 8 , because it leads to a sound wave absorption proportional to T 3/4 as soon as the classical relaxation starts to prevail over the absorption by tunneling states. This happens at the crossover temperature
where the tunneling plateau ends and the T 3/4 -rise begins. The T 3/4 -rise is indeed found in vitreous silica, vitreous germania and in B 2 O 3 -glass 8 . But it does not go very far out in temperature. There is a low temperature peak in the sound absorption, showing that the barrier distribution of the soft modes has a cutoff at barriers heights which are only a small fraction of the thermal energy k B T g at the glass transition. In polymethylmethacrylate already the tunneling plateau has a downward inclination, indicating a cutoff barrier close to zero 30 .
In the opposite direction, toward the boson peak, the numerical data 15 show that the boson peak marks the point where the sound waves begin to disappear, leaving only extended modes which are a mixture of sound waves and local modes at higher frequencies. The question addressed here is whether the local parts of the boson peak modes are again unstable cores. This would imply that the boson peak modes do also have an inner unstable core, in this case with a negative inner force constant overcompensated by the external elastic Eshelby forces.
The existence of an unstable core in the boson peak modes can be demonstrated convincingly from the temperature dependence of the boson peak in some glasses. The best example is vitreous silica, where the core motion is a coupled rotation of many corner-connected SiO 4tetrahedra, and the positive contribution from the outside is due to the elastic constants 31 . Fig. 2 shows the temperature dependence of the boson peak frequency ω b in silica 21, 22 together with a fit which assumes that only the elastic constants depend on temperature, while the core retains a temperatureindependent negative restoring force constant. The temperature dependence of the elastic constants is taken from Brillouin measurements 32, 33 . Note that the fit reproduces not only the strong rise of the boson peak frequency at elevated temperatures, but also the lowtemperature minimum.
For the fit in Fig. 2 , one needs to modify eq. (1) to the case where the outer force constant v ext overcompensates FIG. 3: Temperature dependence of the boson peak frequency in silica glass 21, 22 , explained in terms of an unstable core of many SiO4-tetrahedra, stabilized by the surrounding elastic medium.
the negative inner one V (y) = v 4 (cos y − 1) + v ext y 2 2 (16) leading to a harmonic vibration with the boson peak frequency
so one gets the relation
where G(T ) is the temperature-dependent shear modulus, assumed to be proportional to v ext (T ). G 4 is proportional to v 4 and assumed to be independent of temperature, because it is a property of a local saddle point in a glass which does not change its structure with temperature. The fit in Fig. 2 requires G 4 = 25 GPa, while the shear modulus varies between 30.7 GPa at 145 K and 35 GPa at 1473 K. It demonstrates clearly that the boson peak modes in silica have an unstable core, with a negative restoring force constant which is seventy to eighty percent of the positive restoring forces from the elastic surroundings. This interpretation collides with a recent one 34 , which postulates that the density is the essential quantity determining the boson peak frequency, independent of whether one deals with a crystal or a glass. The conclusion was drawn from a comparison of the boson peaks in normal and densified silica with the lowest van-Hove singularities in quartz and cristobalite. But this conclusion is contradicted by the pronounced hardening of the boson peak frequency with increasing temperature in vitreous silica, which has a nearly temperature-independent density 35 . Also, it is a questionable conclusion in crystals where the lowest van-Hove singularity is connected with the soft mode of a structural phase transformation 36 .
The opposite behavior to vitreous silica was observed for the boson peak in two polycarbonates 23 . The boson peak frequency decreases by a factor of two in the glass phase between 50 and 300 K, well below the glass temperature of about 420 K. But in this case the behavior of the shear modulus is also the opposite one: G(T ) decreases with increasing temperature [37] [38] [39] , though only by twenty to thirty percent between 50 and 300 K, again much more weakly than the square of the boson peak frequency, which decreases by a factor of four. This indicates a temperature-independent negative core restoring force, with an absolute value of more than 90 percent of the positive external elastic restoring force.
To conclude, the participation ratio and the fourth order term of the soft modes in new numerical data suggest that their unstable core is more than a factor of two larger than the six-atom-core of the two gliding triangles, but that their creation energy is lower, probably close to the thermal energy at the glass transition, consistent with the strong rise of their number with increasing temperature in the undercooled liquid. The recently published numerical prediction of a barrier density p(V b ) ∝ V 1/4 b is once more in accordance with the soft potential model, corroborated by low temperature sound absorption data in real glasses. The numerical finding of an unstable core of the soft vibrational modes seems to extend up to the boson peak, because it supplies a convincing explanation for the puzzling temperature dependence of the boson peak in the glass phases of vitreous silica and two polymers.
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